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ON SOME FINITENESS RESULTS IN REAL E´TALE COHOMOLOGY
FANGZHOU JIN
ABSTRACT. We show that for quasi-compact quasi-separated schemes of finite dimension, the con-
structibility condition in real e´tale cohomology agrees with a notion of constructibility arising naturally
from topology. As application we prove that the derived direct image functor preserves constructibility
under some assumptions, and compute the Grothendieck group of the constructible rational stable mo-
tivic homotopy category for reasonable schemes. We prove the generic base change property for con-
structible real e´tale sheaves, and deduce the same property for rational motivic spectra and b-sheaves.
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1. INTRODUCTION
1.1. The study of real e´tale cohomology originates from attempts to understand the link between
e´tale cohomology with 2-torsion coefficients and real algebraic geometry. To any scheme X, one can
associate a real scheme Xr which is a topological space obtained by gluing the real spectra of rings
([Sch94, 0.4.2]). The points of Xr are pairs px, σq, where x is a point of X and σ is an ordering on
the residue field of x. The real e´tale site of X is the category of e´tale X-schemes endowed with the
Grothendieck topology where covering families are the ones that induce surjections on real schemes
([Sch94, Definition 1.2.1]). A fundamental theorem of Scheiderer ([Sch94, Theorem 1.3]) states that
there is a canonical equivalence of sites between the real e´tale site on X and the site defined by
the topological space Xr, and in particular the real e´tale site is spatial. This result makes it much
convenient when working on real e´tale cohomology, as one can not only find inspirations from the
powerful machinery of e´tale cohomology (see [SGA4.5]), but also one benefit from the fact that it is
possible to work with an actual topological space instead of an abstract Grothendieck topology.
1.2. The following deep result shows an intrinsic relation between the real e´tale sheaves and motivic
homotopy theory: for any noetherian scheme of finite dimension X, there is a canonical equivalence
SHpX,Qq » DMpX,Qq ˆDpXr,Qq.(1.2.1)
Date: 2-9-2020.
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where SHpX,Qq is the rational stable motivic homotopy category over X, DMpX,Qq is the cate-
gory of Beilinson motives over X ([CD19, Definition 14.2.1]), andDpXr,Qq is the derived category
of sheaves over Xr .
1
Indeed, by a result of Morel, the “switching factors” automorphism of P1 ^ P1 induces a decom-
position of SHpX,Qq into the `-part and the ´-part; the `-part is identified with DMpX,Qq by
[CD19, Theorem 16.2.13], and the´-part is identified with the derived categoryDpXr,Qq by [Bac18,
Theorem 35] combined with the equivalence between SH and DA
1
with rational coefficients.
Furthermore, it is proved in [Bac18] that the association X ÞÑ DpXr,Λq for a ring Λ satisfies the
axioms of a motivic 8-category ([Kha16]),2 and therefore one can define and study the associated
six functors.3 Another treatment of the real e´tale motivic homotopy theory from the point of view of
C2-equivariant spectra can be found in [ES19].
1.3. The goal of this paper is to investigate some finiteness conditions on DpXr,Λq using these
structures. In Section 2 we study constructibility conditions. First there is a natural constructibility
condition on motivic categories introduced by Ayoub ([Ayo07, De´finition 2.2.3]): if T is a motivic
8-category and S is a scheme, the subcategory of constructible objects over S, denoted as TcpSq,
is the thick subcategory generated by elements of the form Rf!f
!
1Spdq, where f : X Ñ S is a
smooth morphism. This notion can be readily recognized categorically: if T satisfies some compact
generation properties, then the subcategory of constructible objects are exactly the compact objects
(see Lemma 2.2). In particular, the equivalence (1.2.1) induces an equivalence of the subcategories
of constructible objects.
On the other hand, the real scheme associated to a quasi-compact quasi-separated scheme is a spec-
tral space (see 2.3), and there is a natural notion of constructible sheaves on spectral spaces ([Sch94,
Definition A.3]). We promote this notion to the derived category in Definition 2.4 (see also [Sch17,
§20]). The first main result is that under some assumptions these two notions of constructibility agree:
Theorem 1.4 (See Theorem 2.10). Let X be a quasi-compact quasi-separated scheme of finite di-
mension and let Λ be a ring. Then the constructible objects inDcpXr,Λq are exactly the complexes C
such that there exists a finite stratification ofXr into locally closed constructible subsets such that the
restriction of C to each stratum is the constant sheaf associated to a perfect complex of Λ-modules.
The proof reduces to show the equivalence between the topological constructibility and compact-
ness, which holds more generally for spectral spaces of finite dimension (see Proposition 2.8): the
key result is a theorem of Scheiderer ([Sch92, Corollary 4.6]) which states that the cohomological
dimension of a spectral space is bounded by the Krull dimension. Using this result we are able to give
a partial answer to a question raised by Scheiderer ([Sch94, Remark 17.7.1]), by proving that under
some assumptions the derived direct image functor preserves constructible objects, see Corollary 2.11
and Remark 2.12. Another application is the following description of the Grothendieck group of the
constructible rational stable motivic homotopy category:
1More generally, it is proved in [Bac18] that real e´tale motivic stable homotopy category is equivalent to ρ-inverted
motivic stable homotopy category. As the results of this paper only concern the rational case, we only state this version.
2One may readily replace this notion with the one of motivic triangulated categories in [CD19, Definition 2.4.45].
3The results in [Bac18] are stated for noetherian schemes of finite dimension, which can be extended to quasi-compact
quasi-separated schemes using continuity arguments, see [DFKJ20, Appendix A], at least in the case of the derived category.
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Theorem 1.5 (See Corollary 2.17). For S an excellent separated scheme of finite dimension, there is
a canonical isomorphism of abelian groups
K0pSHcpS,Qqq » K
‘
0
pCHMpS,Qqq ‘ ConspSr,Zq.(1.5.1)
Here K‘
0
pCHMpS,Qqq is the direct sum Grothendieck group of the category of Chow motives
with rational coefficients over S (see 2.15), and ConspSr,Zq is the group of Z-valued constructible
functions on the spectral space Sr (see 2.13). The proof uses Bondarko’s theory of weight structures
(see 2.15), and a general comparison result between the Grothendieck group of the constructible
complexes and the group of constructible functions over a spectral space (Proposition 2.14).
1.6. In Section 3 we prove the generic base change property (see 3.1) for constructible real e´tale
sheaves. The generic base change theorem for e´tale sheaves is due to Deligne ([SGA4.5, Th. fini-
tude 1.9]), and is generalized to h-motives in [Cis19, 2.4.2]. Our treatment here uses a very similar
strategy, together with some inputs from the topology of real schemes. In Theorem 3.10 we prove the
generic base change property for constructible complexes of real e´tale sheaves. From this we deduce
the generic base change property for constructible rational motivic spectra (Corollary 3.11) and for
constructible complexes of b-sheaves (Corollary 3.13).
1.7. Conventions and notations. All smooth morphisms of schemes are assumed separated of finite
presentation, and the dimension of a topological space or a scheme stands for the Krull dimension.
We use the following notations: if T is a fibered category, f : X Ñ Y is a morphism and
K P T pY q, we denote K|X “ f
˚K P T pXq. If f : X Ñ Y is a morphism of schemes, we
denote f˚ : DpYr,Λq Ñ DpXr,Λq instead of f
˚
r , and similarly for the other functors, to simplify the
notations.
1.8. For any schemeX we haveXr “ pXˆZQqr, that is, the underlying real scheme only depends
on the characteristic 0 fiber. Therefore in the study of real schemes it is harmless to assume that all
schemes have characteristic 0.
1.9. The following result is a special case of the recollement of topoi ([SGA4, IV Proposition 14.6]):
let X be a topological space, let i : Z Ñ X be the inclusion of a closed subspace with open comple-
ment j : U Ñ X and let Λ be a ring, then there is a canonical distinguished triangle
Rj!j
˚ Ñ idÑ Ri˚i
˚ Ñ Rj!j
˚r1s(1.9.1)
of endofunctors of the derived category DpX,Λq.
Acknowledgments. The author would like to thank Denis-Charles Cisinski, Fre´de´ric De´glise, Jean
Fasel, Adeel Khan, Marc Levine and Heng Xie for helpful discussions. He is supported by Marc
Levine’s ERC Advanced Grant QUADAG.
2. CONSTRUCTIBILITY
In this section we discuss constructibility conditions inDpXr,Λq, and deduce some consequences
on Grothendieck groups. Throughout the section, we assume that Λ is a commutative ring.
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2.1. We first look at the motivic constructibility condition as recalled in 1.3. The following result is
standard:
Lemma 2.2. Let X be quasi-compact quasi-separated scheme. Then the objects of DcpXr,Λq are
exactly the compact objects of DpXr,Λq.
Proof. SinceDpXr,Λq is compactly generated by the Tate twists by [Bac18, Lemma 15 and Theorem
35], the result follows from [CD19, Proposition 1.4.11]. 
2.3. We now consider a topological constructibility condition. Recall that a spectral space is a
quasi-compact topological space in which
(1) the intersection of two quasi-compact opens is quasi-compact (i.e. the space is quasi-separated);
(2) every irreducible closed subset is the closure of a unique point;
(3) the collection of quasi-compact opens forms a basis for the topology.
For any quasi-compact quasi-separated scheme X, the associated real scheme Xr is a spectral space.
The class of constructible subsets of a spectral space is the smallest class of subsets stable by
finite unions, finite intersections and complements which contains all quasi-compact open subsets.
Definition 2.4. IfM is a spectral space and Λ is a ring, we define Dbctf pM,Λq to be the full subcate-
gory of DpM,Λq consisting of complexes A such that there is a finite stratification ofM into locally
closed constructible subsets Mi such that A|Mi is the constant sheaf associated to a perfect complex
of Λ-modules.
2.5. Recall that ifM is a spectral space and Λ is a noetherian ring, a sheaf of Λ-modules F overM
is constructible if there is a finite stratification ofM into locally closed constructible subsetsMi such
that F|Mi is the constant sheaf associated to a finitely generated Λ-module ([Sch94, Definition A.3]).
Then in the case where Λ is noetherian, we can replace Definition 2.4 by the following equivalent
characterizations:
Proposition 2.6. LetM be a spectral space and let Λ be a noetherian ring. Then for A P DpM,Λq,
the following are equivalent:
(1) A P Dbctf pM,Λq;
(2) A can be represented by a bounded complex of constructible flat sheaves of Λ-modules;
(3) A has finite Tor-dimension and each HipAq is constructible.4
Proof. It is clear that (2) implies (1). To show that (1) implies (3), by localization (1.9.1) we are
reduced to the case where A “ j!C , where j is the inclusion of a locally closed constructible subset
and C is a perfect complex of Λ-modules, in which case (3) is clearly satisfied.
The equivalence between (2) and (3) is classical, whose proof can be easily adapted from the e´tale
case, see [SGA4.5, Rapport 4.6] and [Stacks, Lemma 58.75.3]. 
2.7. The following result is an analogue of [CD16, Theorem 6.3.10] for spectral spaces:
Proposition 2.8. LetM be a spectral space of finite dimension and let Λ be a ring. Then the objects
of Dbctf pM,Λq agree with the compact objects inDpM,Λq.
4Recall that a complex A has Tor-amplitude in ra, bs if HnpA
L
bNq “ 0 for any n R ra, bs and any Λ-module N . A
complex A has finite Tor-dimension if there exist pa, bq such that A has Tor-amplitude in ra, bs.
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Proof. The family of objects j!Λ where j : U Ñ M is the inclusion of a quasi-compact open subset
form a generating family of DpM,Λq. By [Stacks, Lemma 5.23.5], any such U is itself a spectral
space of finite dimension. By [Sch92, Corollary 4.6], the cohomological dimension of U is bounded
by the dimension of M . By [CD16, Proposition 1.1.9], the family j!Λ is a generating family of
compact objects. It follows that the subcategory of compact objects inDpM,Λq agrees with the thick
subcategory generated by those j!Λ, and therefore lie in D
b
ctf pM,Λq.
Conversely, we need to show that every object in Dbctf pM,Λq is compact. The localization se-
quence (1.9.1) implies that the functors Rj! and j
˚ for j the inclusion of a locally closed constructible
subset preserve compact objects. The result then follows from the fact that perfect complexes of Λ-
modules are compact objects inDpΛq. 
2.9. By [BCR91, Proposition 4.3.9], for any scheme X, the dimension of Xr is bounded by the
dimension of X. Therefore by Lemma 2.2 and Proposition 2.8 we obtain the following result:
Theorem 2.10. LetX be a quasi-compact quasi-separated scheme of finite dimension and let Λ be a
ring. Then Dbctf pXr,Λq agrees with DcpXr,Λq.
Corollary 2.11. Let Λ be a ring. Given a morphism f : X Ñ S between quasi-compact quasi-
separated schemes , the subcategory Dbctf pXr,Λq of DpXr,Λq is preserved by the following opera-
tions:
‚ f˚,
L
bS , and Rf! for f separated of finite type;
‚ Rf˚ and RHomS for f of finite type and X, S quasi-excellent of finite dimension;
‚ f ! for f separated of finite type and X, S quasi-excellent of finite dimension.
Proof. By Theorem 2.10 we are reduced to show that these functors preserve DcpXr,Λq. By 1.8 we
may assume that all schemes have characteristic 0. In this case it is known that the six operations in
the given situations preserve constructible objects in any motivic 8-category, see [BD17, Theorem
2.4.9] and [DFKJ20, Proposition 3.3]. 
Remark 2.12. In [Sch94, Remark 17.7.1], Scheiderer raised the question whether the (higher) direct
image functors of a morphism of finite type between excellent schemes preserve constructible sheaves
on real schemes. Corollary 2.11 gives a result in this direction by showing that the functor Rf˚
preserves Dbctf for f a morphism of finite type between quasi-excellent schemes of finite dimension.
2.13. In the rest of this section we deal with Grothendieck groups. For any stable 8-category C, its
Grothendieck group K0pCq is the quotient of the free abelian group generated by its objects by the
relations rBs “ rAs ` rCs for all distinguished triangles A Ñ B Ñ C Ñ Ar1s. For any ring Λ, let
K0pΛq be the Grothendieck group of the8-category of perfect complexes of Λ.
5
IfM is a spectral space and B is a ring, aB-valued constructible function is a function φ : M Ñ
B such that there is a finite stratification ofM into locally closed constructible subsets Mi such that
φ|Mi is constant for each i. This is equivalent to say that for eachm P B, φ
´1ptmuq is locally closed
and constructible, and is non-empty for only a finite number of m’s. We denote by ConspM,Bq the
B-algebra of constructible functions on M . As a B-module, ConspM,Bq agrees with the free B-
module generated by the characteristic functions of closed constructible subsets of M , and we have
ConspM,Bq » ConspM,Zq bZ B.
5It is well-known that K0pΛq agrees with the Grothendieck group of finitely generated projective Λ-modules ([TT90,
3.10]).
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LetM be a spectral space and let Λ be a ring. For A P Dbctf pM,Λq and x P M , define the local
Euler-Poincare´ index χpAqpxq P K0pΛq as the class of the stalk rAxs P K0pΛq.
6 We then have a
canonical map
Dbctf pM,Λq ÝÑ ConspM,K0pΛqq
A ÞÑ px ÞÑ χpAqpxqq.
(2.13.1)
The map (2.13.1) factors through the Grothendieck group and induces a map
χ : K0pD
b
ctf pM,Λqq ÝÑ ConspM,K0pΛqq(2.13.2)
(see also [Gro86, Note 871]). The following result is a variant of [KS90, Theorem 9.7.1]:
Proposition 2.14. The map (2.13.2) is an isomorphism.
Proof. For a P K0pΛq, let A be a perfect complex of Λ-modules whose class is a. If j : Z Ñ M is
the inclusion of a closed constructible subset, then map (2.13.2) sends rRj!As to aZ . This shows that
the map (2.13.2) is surjective.
Now prove the injectivity. Note that every element of K0pD
b
ctf pM,Λqq can be represented by a
single complex in Dbctf pM,Λq. Consider a complex A P D
b
ctf pM,Λq. Choose a finite stratification
ofM into locally closed constructible subsetsMi such that A|Mi is the constant sheaf associated to a
perfect complex Ci of Λ-modules. The localization sequence (1.9.1) shows that we have
rAs “
ÿ
i
rRji!Cis P K0pD
b
ctf pM,Λqq(2.14.1)
where ji : Mi Ñ M is the inclusion. But to say that χpAq “ 0 means that for each i, rCis “ 0 P
K0pΛq. This shows that rAs “ 0. 
2.15. We now give an application in determining the Grothendieck group of the constructible ratio-
nal motivic spectra. If S is an excellent separated scheme of finite dimension, then by [Bon14, Propo-
sition 2.10], there is a bounded weight structure on DMcpS,Qq, called the Chow weight structure.
We define the category of Chow motives with rational coefficients over S, denoted as CHMpS,Qq,
as the heart of the Chow weight structure.
Remark 2.16. As Bondarko’s construction of the Chow weight structure is obtained by an abstract
gluing procedure, the category CHMpS,Qq is quite mysterious in general. In some cases we have
more explicit descriptions of this category:
(1) By [Bon14, Corollary 2.12], the category CHMpS,Qq contains the idempotent completion
of the additive subcategory generated by elements of the form p˚1Xpdqr2ds, where d P Z
and p : X Ñ S is a proper morphism with X regular. If S is a scheme of finite type over an
excellent separated scheme of dimension at most 2, then the two categories coincide ([He´b11,
The´ore`me 3.3] and [Bon14, Theorem 2.1]).
(2) By [Jin16, Theorem 3.17], if S is quasi-projective over a perfect field, then CHMpS,Qq
agrees with the category of Chow motives over S defined in [CH00, Definition 2.8].
It is a general fact that weight structures have strong consequences on Grothendieck groups related
to the heart. For any additive category A, denote by K‘
0
pAq the quotient of the free abelian group
6Note that when Λ is a field, the class rAxs P K0pΛq » Z agrees with
ř
i
p´1qi dimHipAq.
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generated by its objects by the relations rBs “ rAs`rCs ifB » A‘C . By [Bon10, Theorem 5.3.1],
the inclusion CHMpS,Qq Ñ DMcpS,Qq induces an isomorphism
K0pDMcpS,Qqq » K
‘
0
pCHMpS,Qqq.(2.16.1)
Combining (2.16.1) with Proposition 2.14, Theorem 2.10 and decomposition 1.2.1, we deduce the
following result:
Corollary 2.17. Let S be an excellent separated scheme of finite dimension. Then there is a canonical
isomorphism of abelian groups
K0pSHcpS,Qqq » K
‘
0
pCHMpS,Qqq ‘ ConspSr,Zq.(2.17.1)
3. GENERIC BASE CHANGE
The main goal of this section is to prove the generic base change property for constructible com-
plexes of real e´tale sheaves. The style of the proof is quite close to [SGA4.5, Th. finitude §2] and
[Cis19, §2.4]. See also [Fu15, Theorem 9.3.1] for a detailed exposition. Throughout this section, we
fix a ring Λ.
3.1. Let T be a motivic 8-category, or more generally any 8-category fibered over schemes such
that for any morphism of schemes f : X Ñ Y , the functor f˚ : T pY q Ñ T pXq has a right adjoint
Rf˚ : T pXq Ñ T pY q. Let S be a scheme and let f : X Ñ Y be a S-morphism of schemes. For an
open subscheme U over S and an object K P T pXq, we say that K satisfies base change along f
over U if the formation of Rf˚K is compatible with any base change over S which factors through
U . In other words, for any morphism p : V Ñ U with the Cartesian square
X ˆS V
pX
//
fV

X ˆS U
fU

Y ˆS V
pY
// Y ˆS U
(3.1.1)
the canonical map p˚YRfU˚K|XˆSU Ñ RfV ˚p
˚
XK|XˆSU is an isomorphism.
We say that an object K P T pXq satisfies generic base change along f relatively to S if there is
an open dense subscheme U of S such that K satisfies base change along f over U .
3.2. We start with a special case of the generic base change. If C is a closed symmetric monoidal
8-category and M P C, we denote M_ “ HompM,1q where 1 is the monoidal unit. An object
M P C is called dualizable if the canonical mapM bM_ Ñ HompM,Mq is an isomorphism.
Lemma 3.3. Let T be a motivic 8-category, let f : X Ñ S be a smooth morphism and let K P
T pXq. Assume that K is dualizable in T pXq and Rf!pK
_q is dualizable in T pSq. Then for any
Cartesian square of the form
W
q
//
g

X
f

T
p
// S
(3.3.1)
the canonical map p˚Rf˚K Ñ Rg˚q
˚K is an isomorphism.
Proof. The proof of [Cis19, Proposition 2.4.4] works for any motivic 8-category, using proper base
change and relative purity. See Remark 2.4.5 of loc. cit. 
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Lemma 3.4. Let S be a scheme and let f : X Ñ Y be a morphism between S-schemes. Let T pXq
and let j : Y Ñ Z be an open immersion of S-schemes. If U is an open subscheme of S such that K
satisfies base change along jf over U , then K satisfies base change along f over U .
Proof. This follows from the canonical identification j˚j˚ “ id. 
3.5. If a motivic 8-category T satisfies some conditions on resolution of singularities (see [JY18,
2.1.12]), then for any field k, every object in Tcpkq is dualizable (see Remark 2.1.16 (3) of loc. cit.).
Such conditions are automatically satisfied for T pXq “ DpXr,Λq since by 1.8 we may assume that
all schemes have characteristic 0. By the continuity property of DpXr,Λq, we deduce the following
result:
Lemma 3.6. For every noetherian scheme X and every constructible object K ofDpXr,Λq, there is
a dense open subscheme U of X such that K|U is dualizable in DpUr,Λq.
From now on we focus on the case T pXq “ DpXr,Λq.
Lemma 3.7. Let f : X Ñ S be a finite morphism of schemes. Then the functor Rf˚ : DpXr,Λq Ñ
DpSr,Λq is conservative.
Proof. Since f is a finite morphism, then for every point s P S the fiber f´1psq is finite, and the
residue field of any point in the fiber is a finite extension of the residue field of s. It follows that
the map fr : Xr Ñ Sr has finite discrete fibers, because for a finite field extension k Ñ k
1 and an
ordering σ of k, there are only finitely many orderings on k1 extending the ordering σ on k ([Lam05,
VIII 2.20]). Therefore the functor Rf˚ : DpXr,Λq Ñ DpSr,Λq is clearly conservative. 
3.8. Denote by P pnq the following statement: for any integral noetherian scheme S, and any open
immersion with dense image f : X Ñ Y between S-schemes of finite type such that the generic fiber
of X over S has dimension at most n, any object K P DcpXr,Λq satisfies generic base change along
f relatively to S.
Proposition 3.9. Let n ě 0 be an integer, and assume that P pn ´ 1q holds. Let S be an integral
noetherian scheme and let f : X Ñ Y be a morphism between S-schemes of finite type such that X
is smooth over S and the generic fiber of X over S has dimension n. Then anyK P DpXr,Λq which
is dualizable satisfies generic base change along f relatively to S.
Proof. Let K P DpXr,Λq be dualizable. The problem is local on Y , and therefore we may assume
that Y is affine over S. Choose a closed embedding Y Ñ AdS defined by d functions pgk : Y Ñ
A1Sq1ďkďd. Then the generic fiber of gi ˝ f has dimension at most n´ 1 (see [Fu15, 7.5.3]). For each
1 ď k ď d, applying the statement P pn ´ 1q to the morphism f as a morphism of schemes over A1S
via the structure morphism gk, we know that there exists a dense open subscheme Uk Ă A
1
S such that
K satisfies base change along f over Uk via the structure morphism gk. Let V “
Ť
1ďkďdpgkq
´1pUkq
and denote by j : V Ñ Y the canonical open embedding. ThenK|f´1pV q satisfies base change along
fV : f
´1pV q Ñ V over S. Let T “ Y ´ V be the complement of V (with any scheme structure).
Then T satisfies
T Ă Y X
`
pA1S ´ U1q ˆS ¨ ¨ ¨ ˆS pA
1
S ´ Udq
˘
.(3.9.1)
Since the generic fiber of pA1S ´ U1q ˆS ¨ ¨ ¨ ˆS pA
1
S ´ Udq Ñ S is finite, by shrinking S, we may
assume that T is finite over S.
Let Y¯ be the closure of Y in PnS . By shrinking S, we may assume that Y¯ ´ V is also finite over S.
By Lemma 3.4, we may replace Y by Y¯ , which amounts to say that we may assume that the structure
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morphism p : Y Ñ S is proper. Therefore we are reduced to the following situation: Y is proper
over S, and there exists a open immersion j : V Ñ Y with dense image whose complement Y ´ V
finite over S such that K|f´1pV q satisfies base change along fV : f
´1pV q Ñ V over S, that is, the
formation of Rj!j
˚Rf˚K is compatible with any base change over S.
Denote by i : Y ´ V Ñ Y the canonical closed immersion. We have the localization sequence
Rj!j
˚Rf˚K Ñ Rf˚K Ñ Ri˚i
˚Rf˚K Ñ Rj!j
˚Rf˚Kr1s.(3.9.2)
Therefore it remains to show that after shrinking S, the formation of Ri˚i
˚Rf˚K is compatible with
any base change over S. Since Ri˚ “ Ri! commutes with any base change, it suffices to prove that
after shrinking S, the formation of i˚Rf˚K is compatible with any base change over S. Since the
composition pi is finite, by Lemma 3.7, it suffices to prove that after shrinking S, the formation of
Rp˚Ri˚i
˚Rf˚K is compatible with any base change over S. Applying the functor Rp˚ to (3.9.2),
we obtain the following distinguished triangle:
Rp˚Rj!j
˚Rf˚K Ñ Rp˚Rf˚K Ñ Rp˚Ri˚i
˚Rf˚K Ñ Rp˚Rj!j
˚Rf˚Kr1s.(3.9.3)
Since the composition pf : X Ñ S is smooth over S, we may apply Lemma 3.3 and Lemma 3.6
to obtain that, after shrinking S, the formation of Rp˚Rf˚K “ Rppfq˚K is compatible with any
base change over S. On the other hand, since p is proper and the formation of Rj!j
˚Rf˚K is com-
patible with any base change over S, we deduce from the proper base change that the formation of
Rp˚Rj!j
˚Rf˚K is compatible with any base change over S. We conclude using the distinguished
triangle (3.10.1). 
Theorem 3.10. Let S be a noetherian scheme and let f : X Ñ Y be a morphism between S-schemes
of finite type. Then every object of DcpXr,Λq satisfies generic base change along f relatively to S.
Proof. The problem is local on Y , so we may assume that Y is affine. By virtue of the Leray spectral
sequence ([God73, II The´ore`me 5.2.4]) for a finite open affine cover of X, we reduce the problem to
the case where X is also affine. So we may assume that there exists a compactification f “ pj with
p proper and j open immersion. By proper base change, we may assume that f is an open immersion
with dense image. By working with each irreducible component of S, we may also assume that S is
integral. Therefore we are reduced to prove P pnq.
We use induction on n. The case n “ ´1 is clear, and we may assume that n ě 0 and P pn ´ 1q
holds. By 1.8, we may assume that all schemes have characteristic 0. By generic smoothness, after
shrinking S, we may assume that there is an open immersion j : U Ñ X with dense image such that
U is smooth over S.
Let K P DcpXr,Λq. By Lemma 3.6, by shrinking U , we may also assume that K|U is dualizable
in DpUr,Λq. Let i : Z Ñ X be the closed complement (with any scheme structure). Consider the
following localization sequence:
Rpfiq˚i
!K Ñ Rf˚K Ñ Rpfjq˚j
˚K Ñ Rpfiq˚i
!Kr1s.(3.10.1)
Applying Proposition 3.9 to K along the morphism fj and the statement P pn ´ 1q to i!K along the
morphism fi, we know that there exists a dense open subscheme W of S such that the formations of
Rpfiq˚i
!K and Rpfjq˚j
˚K are compatible with any base change over S which factors through W .
Therefore the same property holds for Rf˚K , which finishes the proof. 
Corollary 3.11. Let S be a noetherian scheme of finite dimension and let f : X Ñ Y be a morphism
between S-schemes of finite type. Then every object of SHcpX,Qq satisfies generic base change
along f relatively to S.
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Proof. By the decomposition (1.2.1), we only need to prove the generic base change for DcpXr,Qq
and DMcpX,Qq. The first case is Theorem 3.10. For the second case, by [CD16, Theorem 5.2.2]
we know that DMcpX,Qq agrees with constructible h-motives with rational coefficients, for which
generic base change is proved in [Cis19, Theorem 2.4.2]. 
3.12. Recall that the b-topology is obtained by gluing the e´tale topology and the real e´tale topology
([Sch94, Definition 2.3]). Denote by j (respectively i) the canonical inclusion of the e´tale topos
(respectively the real e´tale topos) into the b topos. Then we have the following generic base change
result for complexes of b-sheaves:
Corollary 3.13. Let S be a noetherian scheme of finite dimension and let f : X Ñ Y be a morphism
between S-schemes of finite type. Let Λ be a noetherian ring, and let K P DpXb,Λq be such that
(1) i˚K P DcpXr,Λq;
(2) j˚K P Dbctf pXe´t,Λq;
(3) There exists an integer n P O˚pXq such that n ¨ j˚K “ 0.
Then K satisfies generic base change along f relatively to S.
Proof. By virtue of [Sch94, Remarks 16.1], the result follows from the real e´tale case and the e´tale
case, which follow from Theorem 3.10 and [Cis19, Theorem 2.4.2] combined with [CD16, Theorem
6.3.11] respectively. 
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